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Abstract
In this paper, we study some two person games and some topological properties defined by them.
As an application of our results we refine the Choquet–Dolecki theorem on multifunctions and the
classical Vaı˘nsteı˘n lemma on closed maps.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let Φ :T → X be a multifunction from a topological space T into a topological space
X. We say that Φ is upper semicontinuous, abbreviated as usc, at t0 ∈ T if for each open
subset V with Φ(t0)⊆ V there exists an open neighbourhoodU of t0 such that Φ(U)⊆ V .
A subset K ⊆Φ(t0) is said to be a kernel [6] for Φ at t0, if the multifunction ΦK :T →X
defined by:
ΦK(t)=
{
K, if t = t0,
Φ(t) \Φ(t0), otherwise.
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is usc at t0. In [6, p. 70], Choquet stated, without proof, that if T and X are metric spaces,
then any multifunction Φ :T →X which is usc at t0 ∈ T possesses a compact kernel at t0.
This gives rise to the following natural problem.
Problem 1.1. Can we determine when an usc multifunction Φ :T → X possesses a
compact kernel?
A significant amount of work has been afforded to this problem. Some of this effort
maybe witnessed in the papers [8,10,11]. One important advance was made by Dolecki
in [9] when he identified the following set as a natural candidate for a kernel of any usc
multifunction. The active boundary of Φ at t0 ∈ T , denoted by FracΦ(t0), is defined by:
FracΦ(t0)≡
⋂
U∈U(t0)
Φ(U) \Φ(t0),
where U(t0) is the set of all neighbourhoods of t0. Perhaps the best result obtained thus far,
which first appeared in [13] (and later refined in [14,5]) is the following.
Theorem 1.2. Let T be a first countable space and let X be a Hausdorff angelic space.
Suppose that Φ :T →X is usc at t0. Then FracΦ(t0) is compact and is the smallest kernel
for Φ at t0.
Recall that a space X is angelic if (i) each relatively countably compact subset A of X
is relatively compact; (ii) each point in the closure of a relatively compact subset A of X is
the limit of some sequence in A, [13].
The main purpose of the present paper is to study Problem 1.1 from the perspective of
topological games. Throughout this paper, all spaces are assumed to be at least T1.
2. G(F)-game and property (∗∗)
Let X be a topological space and let F be a proper filter (filterbase) in X. We shall
consider the following G(F)-game played in X between players A and B . Player A goes
first (always!) and chooses a point x1 ∈ X. Player B must then respond by choosing
a member F1 ∈ F . Following this, player A must select another (possibly the same)
point x2 ∈ F1 and in turn player B must again respond to this by choosing a member
F2 ∈ F . Repeating this procedure infinitely, the players A and B produce a sequence
p ≡ ((xn,Fn): n ∈ N) with xn+1 ∈ Fn for all n ∈ N, called a play of the G(F)-game.
We shall say that B wins a play of the G(F)-game if the sequence (xn: n ∈N) has a cluster
point in X. Otherwise, the player A is said to have won this play. By a strategy σ for
the player B we mean a ‘rule’ that specifies each move of the player B in every possible
situation. More precisely, a strategy σ ≡ (σn: n ∈ N) for B is a sequence of F -valued
functions. The domain of each function σn is precisely the set of all the finite sequences
(x1, x2, . . . , xn), of length n, in X with xi+1 ∈ σi(x1, . . . , xi) for all 1  i  n− 1. Such
a finite sequence (x1, x2, . . . , xn) or infinite sequence (x1, x2, . . .) is called a σ -sequence.
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A strategy σ ≡ (σn: n ∈ N) for player B is called a winning strategy if each σ -sequence
has a cluster point in X, that is, if player B wins every play of the G(F)-game in which the
player B ‘applies’ the strategy σ .
We shall call a pair (F , σ ) a σ -filter (σ -filterbase) if F is a proper filter (filterbase) in
X and σ is a winning strategy for player B in the G(F)-game played in X. Finally we say
that a space X has property (∗∗) if ⋂{F : F ∈F} = ∅ for each σ -filterbase (F , σ ) in X. It
is easy to see that property (∗∗) is hereditary with respect to closed sets and preserved by
perfect maps.
Remark 2.1. In [5], a space X is said to have property (∗) if the closure of each relatively
countably compact subset (i.e., every sequence of distinct elements of the set has a cluster
point in X) of X is compact. It is readily observed that every regular space having property
(∗∗) possesses property (∗).
In order to expedite the remainder of this paper we will introduce the following binary
relation. Let X be a topological space and let (F , σ ) and (F ′, σ ′) be two ordered pairs
with F and F ′ filterbases, and σ and σ ′ strategies for the player B in the G(F) and
G(F ′)-games, respectively. Then we say that (F ′, σ ′) is finer than (F , σ ), and write
(F , σ ) (F ′, σ ′) if:
(i) for each F ∈F there exists a F ′ ∈F ′ so that F ′ ⊆ F ;
(ii) each σ ′-sequence is a σ -sequence.
We note then that if (F , σ ) (F ′, σ ′) and σ is a winning strategy for B in the G(F)-game,
then σ ′ is a winning strategy for B is the G(F ′)-game, that is, if (F , σ ) is a σ -filterbase
then so is (F ′, σ ′). An important fact for us is the following.
Proposition 2.2. If F is a filterbase in X, σ a strategy for the player B in the G(F)-
game and F ′ a filterbase finer than F , then there exists a strategy σ ′ for B so that
(F , σ ) (F ′, σ ′).
Proof. We define σ ′ ≡ (σ ′n: n ∈ N) inductively. First we define, for each x1 ∈ X, σ ′1(x1)
to be any elements of F ′ contained in σ1(x1) ∈ F . Note this is possible, since F ′
is finer than F . Now, suppose that we have defined (σ ′1, σ ′2, . . . , σ ′n) so that each σ ′-
sequence (x1, x2, . . . , xi), 1  i  n + 1, is a σ -sequence. Then we define (for each σ ′-
sequence (x1, . . . , xn+1)), σ ′n+1(x1, x2, . . . , xn+1) to be any element of F ′ contained in
σn+1(x1, . . . , xn+1) ∈ F . Note this definition is well-defined since (x1, . . . , xn+1) is a σ -
sequence and F ′ is finer than F . Moreover, with this definition we have that each σ ′-
sequence (x1, . . . , xi), 1  i  n + 2, is a σ -sequence. This completes the definition of
σ ′ ≡ (σ ′n: n ∈N). ✷
Remark 2.3. The above proposition has two significant implications:
(i) if (F , σ ) is a σ -filterbase then there exists an ultra-filter F∗ and a strategy σ ∗ so
that (F , σ ) (F∗, σ ∗);
(ii) if F ′ is a finer filterbase than F and (F , σ ) is a σ -filterbase in a space with property
(∗∗) then F ′ has a cluster point.
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Let ΣX denote the family of all σ -filters on a topological space X. Then the binary
relation “” defines a partial ordering on ΣX . The only difficulty is in showing that “” is
anti-symmetric. Recall that a family U of subsets of a topological space X is a proximate
cover (not necessarily a cover) of X if X =⋃{U : U ∈ U}.
Theorem 2.4. LetX be a regular space with property (∗∗). If (F , σ ) is a σ -filterbase, then
K ≡⋂F∈F F is compact and for each open set W containing K there exists an F ∈F so
that F ⊆W .
Proof. We first show that K is compact. To this end let U ≡ {Oγ : γ ∈ Γ } be an open
cover of K . We shall show that U admits a finite proximate cover of K . To the contrary
let us suppose, in order to obtain a contradiction, that U does not admit a finite proximate
cover of K . Let F∗ ≡ {F \⋃ni=1Oγi : F ∈ F and {γ1, . . . , γn} ⊆ Γ is a finite subset}.
By our assumption, F∗ is a filterbase in X which is finer than F . Hence, by fact (ii) in
Remark 2.3, ∅ =⋂{F ∗: F ∗ ∈ F∗} ⊆⋂{F : F ∈ F} = K . On the other hand, we have
∅ =⋂{F ∗: F ∗ ∈ F∗} ⊆X \⋃γ∈Γ Oγ ⊆X \K; which is impossible. Hence U admits a
finite proximate cover of K . Since X is regular, this implies that K is compact.
We now show that if W is an open set containing K then there exists an F ∈ F so that
F ⊆W . Indeed, let us suppose in order to obtain a contradiction, that F \W = ∅ for each
F ∈F . Let F0 ≡ {F \W : F ∈F}. Then F0 is a filterbase in X finer than F . Therefore, by
fact (ii) in Remark 2.3, ∅ =⋂{F0: F0 ∈F0} ⊆⋂{F : F ∈F} =K . On the other hand, we
have
⋂{F0: F0 ∈ F0} ⊆ X \W ⊆ X \K; which is impossible. Hence, F ⊆W for some
F ∈F . (Note that since K is compact and X is regular one can actually show that F ⊆W
for some F ∈F .) ✷
Proposition 2.5. Property (∗∗) is productive.
Proof. Let {Xγ : γ ∈ Γ } be a family of spaces having property (∗∗) and let X ≡∏γ∈Γ Xγ
be endowed with the product topology. Consider (F , σ ) a σ -filter in X. By fact (i) in
Remark 2.3 we may assume that F is an ultra-filter. So to show that F has a cluster point
we need only show that for each γ ∈ Γ⋂{
πγ (F ): F ∈F
} = ∅, where πγ :X→Xγ is the γ th projection.
To this end, fix γ ∈ Γ . Since Xγ has property (∗∗) we need only show that the filterbase
Fγ ≡ {πγ (F ): F ∈ F} admits a winning strategy σγ ≡ (σ γn : n ∈ N) for the player B in
the G(Fγ )-game played in Xγ . We use the strategy σ to inductively define σγ .
First, suppose that player A chooses xγ1 ∈ Xγ . Player B then chooses x1 ∈ X
so that πγ (x1) = xγ1 and defines σγ1 (xγ1 ) ≡ πγ (σ1(x1)). Inductively, suppose A has
chosen (xγ1 , x
γ
2 , . . . , x
γ
n+1) in Xγ so that x
γ
i+1 ∈ σγi (xγ1 , . . . , xγi ) for each 1  i  n.
Correspondingly, at each stage i , 1 i  n, player B will have constructed a σ -sequence
(x1, . . . , xi) in X so that πγ (xi) = xγi and defined σγi (xγ1 , . . . , xγi ) ≡ πγ (σi(x1, . . . , xi)).
At stage n + 1, B chooses xn+1 ∈ σn(x1, . . . , xn) so that xγn+1 = πγ (xn+1) and defines
σ
γ
n+1(x
γ
1 , . . . , x
γ
n+1)≡ πγ (σn+1(x1, . . . , xn+1)). This completes the definition of σγ .
J. Cao et al. / Topology and its Applications 123 (2002) 47–55 51
We claim that σγ is a winning strategy for B in the G(Fγ ) played in Xγ . To see this,
note that if (xγi : i ∈ N) is a σγ -sequence then there exists a σ -sequence (xi : i ∈ N) in X
so that πγ (xi) = xγi . Now σ is a winning strategy for B in the G(F)-game played in X
and so the sequence (xi : i ∈N) has a cluster point x∞ ∈X. It now only remains to observe
that πγ (x∞) is a cluster point of (xγi : i ∈N). This completes the proof. ✷
In a metric space (X,d), the Kuratowski index of non-compactness of a bounded set F
is:
α(F )≡ inf{ε > 0: F is a finite union of sets of diameter less than ε}
and α(F ) ≡ ∞ when F is unbounded. It can be shown that a metric space (X,d) is
complete if and only if each filterbase F in X with inf{α(F ): F ∈ F} = 0 has a cluster
point in X, see [15, p. 12].
Lemma 2.6. Every complete metric space (X,d) has property (∗∗).
Proof. Let (F , σ ) be a σ -filter in X. By the above comments, it suffices to show that
inf{α(F ): F ∈F} = 0. So to the contrary, suppose that
inf
{
α(F ): F ∈F}> 2ε > 0.
Then we may construct a σ -sequence (xn: n ∈N) in X so that xn+1 ∈ σn(x1, x2, . . . , xn) \⋃n
i=1B(xi, ε). However this implies that the sequence (xn: n ∈ N) is discrete, which
contradicts the fact that σ is a winning strategy for the player B in the G(F)-game. ✷
Theorem 2.7. Every Dieudonné-complete space X has property (∗∗).
Proof. The result follows directly from Proposition 2.5 and Lemma 2.6 and the fact that a
space X is Dieudonné-complete if and only if it is homeomorphic to a closed subspace of
some cartesian product of complete metric spaces. ✷
For a topological space X, we shall denote by Cp(X) the space of all continuous real-
valued functions defined on X, endowed with the topology of pointwise convergence on X.
Theorem 2.8. Let X be a compact Hausdorff space, then Cp(X) has property (∗∗).
Proof. Let (F , σ ) be a σ -filter in Cp(X). SinceCp(X) is a subspace of RX, endowed with
the product topology we have by Proposition 2.5 and Lemmam 2.6 that K ≡⋂{F : F ∈
F} = ∅, where the closure is taken in RX . So we need only show that K is contained in
Cp(X). To this end, consider f ∈K . If f is not continuous on X, then there must be some
point x0 ∈X and ε > 0 so that for each U ∈ U(x0):
f (U) ⊆N(ε)≡ (f (x0)− ε,f (x0)+ ε).
We will use this to obtain a contradiction. We inductively define: (xn,Un,fn) ∈ X ×
U(x0)×Cp(X) so that:
(a) xm ∈ Un for all m> n and f (xm) /∈N(ε);
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(b) Un ≡⋂nj=1{x ∈X: |fj (x)− fj (x0)| 1/n};
(c) (fn: n ∈N) is a σ -sequence and |fn(xj )− f (xj )| 1/n for 0 j  n.
Let x∞ be any cluster point of (xn: n ∈N) and let f∞ be any cluster point of (fn: n ∈N).
Then x0, x∞ ∈⋂∞n=1 Un, and for each fixed (n, j), 1 j  n, |fj (x∞)− fj (x0)| 1/n.
Letting n→∞ we see that fj (x∞)= fj (x0) for all j ∈N. Therefore, f∞(x∞)= f∞(x0).
On the other hand, |fn(xj )− f (xj )| 1/n for 0 j  n and so f∞(xj )= f (xj ) for all
j ∈N. In particular, f∞(x0)= f (x0). Hence,
f (x0)= f∞(x0)= f∞(x∞) ∈ {f∞(xn): n ∈N} ⊆R\N(ε)
which is not possible, since f (x0) ∈ N(ε). Therefore, f must be continuous at x0 and so
f ∈Cp(X). Thus we have shown that ∅ =K ⊆ Cp(X). ✷
We next show that there are some property (∗∗) spaces that are not Dieudonné-complete,
but to do this, we first need to make a small observation. Let X be a Banach space and let
B(X∗) denote its dual ball. Then (X,weak) is homeomorphic to a closed subspace of
Cp(B(X
∗),weak∗).
Example 2.9. By Theorem 2.8 and the above observation the Banach space C(βN \ N)
with the weak topology has property (∗∗). However, Corson [7] showed that this space
is not Dieudonné-complete. Another example of a property (∗∗) space that fails to be
Dieudonné-complete is the Banach space C[0,ω1], taken with its weak topology, [12].
3. Applications to multifunctions
In this section, we will discuss some applications.
Lemma 3.1 [3]. Let Φ be a multifunction from a space T into a space X which is usc
at t0. If t0 is a cluster point of (tn: n ∈ N) and xn ∈ Φ(tn) \ Φ(t0) for all n ∈ N, then
(xn: n ∈N) has a cluster point in X.
Let X be a topological space, we say that a point a ∈ X is a regular point of X if for
each neighbourhood V ∈ U(a) there exists some U ∈ U(a) such that U ⊆ V . Of course, X
is regular if and only if each point of X is a regular point. Following Bouziad [4] we will
say that a point a in a topological space X is a G(a)-point if there exists a strategy s for the
player B so that (U(a), s) is a σ -filter and we will call a topological space X a G-space if
every point of X is a G(a)-point.
Proposition 3.2. Let Φ be a usc multifunction from a space T into a space X. If t0 is a
regular G(t0)-point and F ≡ {Φ(U) \ Φ(t0): U ∈ U(t0)} has non-empty elements, then
there exists a strategy σ for the player B so that (F , σ ) is a σ -filterbase in X.
Proof. Let s ≡ (sn: n ∈ N) be a winning strategy for the player B in the G(U(t0))-
game played in T . We use the strategy s to inductively define σ . First, suppose that
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player A chooses x1 ∈ X. Player B then chooses t1 ∈ T , sets W1 ≡ T and defines
σ1(x1)≡Φ(s1(t1)∩W1) \Φ(t0) ∈F .
PlayerA responds to this ‘move’ by choosing x2 ∈ σ1(x1). In return the playerB chooses
t2 ∈ s1(t1)∩W1 andW2 ∈ U(t0) so that x2 ∈Φ(t2) andW2 ⊆W1∩{t ∈ T : Φ(t)∩{x2} = ∅}
and then defines σ2(x1, x2)≡Φ(s2(t1, t2)∩W2) \Φ(t0) ∈F .
Inductively, suppose A has chosen (x1, x2, . . . , xn+1) in X so that xi+1 ∈ σi(x1, . . . , xi)
for each 1  i  n. Correspondingly, at each stage i , 2  i  n, player B will have
constructed a sequence (t1, t2, . . . , ti), a sequence (W1,W2, . . . ,Wi) of neighbourhoods
of t0 with Wi ⊆Wi ⊆Wi−1 ⊆ · · · so that ti ∈ si−1(t1, . . . , ti−1)∩Wi , xi ∈Φ(ti) and Wi ⊆
Wi−1 ∩ {t ∈ T : Φ(t) ∩ {x2, . . . , xi} = ∅} and defined σi(x1, . . . , xi) ≡ Φ(si(t1, . . . , ti ) ∩
Wi) \Φ(t0) ∈ F . At stage n+1, player B chooses tn+1 ∈ sn(t1, . . . , tn) ∩Wn and Wn+1 ∈
U(t0) so that xn+1 ∈Φ(tn+1) and Wn+1 ⊆Wn ∩ {t ∈ T : Φ(t)∩ {x2, . . . , xn+1} = ∅}. This
completes the definition of σ .
We claim that σ is a winning strategy for B in the G(F)-game played in X. Indeed,
if (xn: n ∈ N) is a σ -sequence in X then by the definition of σ there is an s-sequence
(tn: n ∈N) in T and a sequence of neighbourhoods (Wn: n ∈N) of t0 so that xn ∈Φ(tn),
tn+1 ∈ sn(t1, . . . , tn)∩Wn and Wn+1 ⊆Wn ∩ {t ∈ T : Φ(t) ∩ {x2, . . . , xn+1} = ∅}.
Now s is a winning strategy for the player B in the G(U(t0))-game played in T , and so
the sequence (tn: n ∈ N) has a cluster point t∞ ∈⋂n∈NWn ⊆ {t ∈ T : Φ(t) ∩ {xn: n 
2} = ∅} ⊆ T . By Lemma 3.1, (xn: n ∈ N) has a cluster point in X. This shows that σ is a
winning strategy for the player B in the G(F)-game played in X. ✷
If X is a topological space, then the Gδ-topology on X is the topology on X generated
by taking all the Gδ-sets in X as a base. The following result improves [13, Theorem 2]
and [11, Theorem 7.6].
Theorem 3.3. Let Φ be an usc multifunction from a space T into a regular property (∗∗)
space X. If t0 is a regular G(t0)-point and Φ(t0) is closed in the Gδ-topology on X then
FracΦ(t0) is a compact kernel for Φ at t0.
Proof. It follows in a similar manner to [13, Lemma 11] that FracΦ(t0) ⊆ Φ(t0). The
result now follows from Proposition 3.2 and Theorem 2.3. ✷
For a set A in a topological space X we shall denote by ∂A the boundary of A in X.
It was shown in [3] that if a multifunction Φ :T → X is graph-closed at t0 ∈ T , then
FracΦ(t0) ⊆ ∂Φ(t0). On the other hand, Dolecki [11] indicated that if Φ is open at t0,
that is, if for each neighbourhood U of t0 and x0 ∈ Φ(t0) there is a neighbourhood V
of x0 so that V ⊆ Φ(U), then the whole boundary of Φ(t0) is active. By applying these
observations and Theorem 3.3, we can present a generalization of the classical Vaı˘nšteı˘n
Lemma [16].
Proposition 3.4. Let f be a closed map from a space X with property (∗∗) onto a
Hausdorff G-space T . Then ∂(f−1(t)) is compact for each t ∈ T .
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Proof. Let Φ be the multifunction from T onto X which is defined by Φ(t)≡ f−1(t) for
all t ∈ T . Since f is continuous and closed, Φ is both usc and open at each point t ∈ T ,
which implies that ∂Φ(t) = FracΦ(t) for all t ∈ T . Therefore by Theorem 3.3, ∂Φ(t) is
compact for all t ∈ T . ✷
We end the paper with a few more observations concerning property (∗∗). First, if X is
a Gδ-closed subspace of a regular property (∗∗) space Y , then it is easy to show that X
also has property (∗∗). Secondly, with only a small amount of extra effort we could have
shown in Theorem 2.8 that Cp(X) has property (∗∗) wheneverX is a G-space. Thirdly, any
countably compact space which has property (∗∗) must be compact, hence, any countably
compact non-compact space will not have property (∗∗). In particular, [0,ω1) does not
have property (∗∗). Finally, for any Tychonoff space X the space Cp(X) is Dieudonné-
complete if and only if it is realcompact [7]. In [1] Arhangel’skii proved that Cp(X) is
realcompact (and hence Dieudonné-complete) if and only if the weak functional tightness
of X is countable (see also [2]). Consequently, Cp[0,ω1] is not Dieudonné-complete.
However, by Theorem 2.8, Cp[0,ω1] does possess property (∗∗).
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